Abstract. We show that automorphism groups of Hopf and Kodaira surfaces have unbounded finite subgroups. For elliptic fibrations on Hopf, Kodaira, bielliptic, and K3 surfaces, we make some observations on finite groups acting along the fibers and on the base of such a fibration.
Introduction
Automorphism groups of geometric objects may have a complicated structure. Sometimes they appear to be more accessible on the level of their finite subgroups. In particular, this frequently happens for groups of automorphisms and birational automorphisms of algebraic varieties, compact complex manifolds, etc.
We say that a group Γ has bounded finite subgroups if there exists a constant B = B(Γ) such that for any finite subgroup G ⊂ Γ one has |G| B. If this is not the case, we say that Γ has unbounded finite subgroups. There are several interesting situations when automorphism groups and, more generally, birational automorphism groups of algebraic varieties have bounded finite subgroups. For instance, this is the case for non-uniruled varieties with vanishing irregularity over fields of characteristic zero (see [PS14,  Theorem 1.8(i)]), for many non-ruled projective surfaces over fields of characteristic zero (see [PS18b,  Our goal is to study finite subgroups of automorphism groups of compact complex surfaces, that is, connected compact complex manifolds of dimension 2. Recall that such a surface is called minimal if it does not contain smooth rational curves with self-intersection equal to (−1). For a classification of minimal compact complex surfaces, known as Enriques-Kodaira classification, we refer the reader to [BHPVdV04, Chapter VI] .
There are several classes of minimal compact complex surfaces that have elliptic fibrations equivariant with respect to their automorphism groups. These include Kodaira surfaces and other surfaces of algebraic dimension 1; in this case the elliptic fibration is given by algebraic reduction. Another example is provided by bielliptic surfaces; in this case the elliptic fibration is given by the Albanese map.
If φ : X → C is an Aut(X)-equivariant fibration, there appears an exact sequence of groups
where the action of the group Aut(X) φ is fiberwise with respect to φ, and ∆ is a subgroup of Aut(C).
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The goal of this note is to prove the following result concerning finite groups acting on surfaces of the above types, and their relation to natural elliptic fibrations on these surfaces.
Theorem 1.2.
(i) Let X be either a (primary or secondary) Hopf surface, or a (primary or secondary) Kodaira surface, or a complex torus, or a bielliptic surface. Then the automorphism group of X has unbounded finite subgroups.
(ii) Let X be a primary Hopf surface of algebraic dimension 1, or a two-dimensional complex torus of algebraic dimension 1, and let φ be its algebraic reduction. Then both groups Aut(X) φ and ∆ have unbounded finite subgroups. (iii) Let X be a secondary Hopf surface of algebraic dimension 1, and let φ be its algebraic reduction. Then the group Aut(X) φ has unbounded finite subgroups. Furthermore, the group ∆ is finite if and only if φ has at least three multiple fibers; otherwise ∆ has unbounded finite subgroups. (iv) Let X be a (primary or secondary) Kodaira surface, and let φ be its algebraic reduction. Then the group Aut(X) φ has unbounded finite subgroups, while the group ∆ is finite. (v) Let X be a complex K3 surface of algebraic dimension 1, and let φ be its algebraic reduction. Then the group Aut(X) φ has bounded finite subgroups, and the group ∆ is finite. (vi) Let X be a bielliptic surface, and let φ be its Albanese fibration. Then the group Aut(X) φ is finite, while the group ∆ has unbounded finite subgroups.
In all the assertions of Theorem 1.2 one can replace automorphism groups by birational automorphism groups. Indeed, the surfaces we consider are minimal, and are neither rational nor ruled. Thus every birational automorphism of such a surface is actually biregular, see for instance [PS17, Proposition 3.5].
Note that the automorphism group of a complex K3 surface has bounded finite subgroups, see [PS17, Lemma 8.8 ]. However, this is not enough to deduce assertion (v) of Theorem 1.2. Indeed, a quotient of a group with bounded finite subgroups may fail to have bounded finite subgroups. To see this one can take an arbitrary group with unbounded finite subgroups and represent it as a quotient of a free group. Note also that there exists a K3 surface X of algebraic dimension 1 such that the group Aut(X) is infinite, see [Ogu08, Theorem 7 .1]. Thus, for such a surface the group Aut(X) φ is infinite as well.
All surfaces mentioned in Theorem 1.2 have non-positive Kodaira dimension. On the other hand, compact complex surfaces of Kodaira dimension 1 are always elliptic. This leads to the following question. There is one class of compact complex surfaces of negative Kodaira dimension whose construction is quite similar to that of Kodaira surfaces, namely, Inoue surfaces. In particular, their automorphism groups share certain nice properties, see [PS18a] . Although Inoue surfaces are never elliptic (so that most of the observations of the current paper have no analogs in the case of Inoue surfaces), the following question looks interesting. Acknowledgements. I am grateful to S. Gorchinskiy, S. Nemirovski, Yu. Prokhorov, and E. Yasinsky for useful discussions.
Hopf surfaces
In this section we study automorphism groups of Hopf surfaces. Given a compact complex surface X, we denote by a(X) the algebraic dimension of X.
Recall that a Hopf surface X is a compact complex surface whose universal cover is isomorphic to W = C 2 \ {0}. Thus X ∼ = W /Γ, where Γ ∼ = π 1 (X) is a group acting freely on W . A Hopf surface X is said to be primary if π 1 (X) ∼ = Z. One can show that a primary Hopf surface is isomorphic to a quotient
where Λ ∼ = Z is a group generated by the transformation (2.1) (x, y) → (αx + λy n , βy)
for some coordinates x and y on C 2 ⊃ W . Here n is a positive integer, and α and β are complex numbers satisfying 0 < |α| |β| < 1; moreover, one has λ = 0, or α = β n . A secondary Hopf surface is a quotient of a primary Hopf surface by a free action of a finite group. All Hopf surfaces are non-Kähler (and in particular non-projective). If a Hopf surface has algebraic dimension 1, then the image of its algebraic reduction is P 1 . We refer the reader to [Kod66, §10] for details.
Remark 2.2. Let X be a Hopf surface. If a(X) = 1, then X is an elliptic surface. Conversely, if a(X) = 0, then X contains only a finite number of curves (see [BHPVdV04, Theorem IV.8.2]), and thus X is not elliptic. In particular, if X = X(α, β, λ, n) is a primary Hopf surface, then by [Kod66, Theorem 30] its algebraic dimension equals 1 if and only if λ = 0 and α k = β r for some positive integers k and r.
Automorphism groups of Hopf surfaces are well studied, see [MN00] and references therein. In particular, [MN00, §2] provides a complete classification of automorphism groups of secondary Hopf surfaces. However, we will not use their explicit descriptions.
Lemma 2.3. Let X be a primary Hopf surface. Then the group Aut(X) has unbounded finite subgroups. Furthermore, if X has algebraic dimension 1, and φ : X → P 1 is its algebraic reduction, then in the notation of (1.1) both groups Aut(X) φ and ∆ have unbounded finite subgroups. Moreover, in this case Aut(X) φ contains the group of points of an elliptic curve.
Proof. Let X = X(α, β, λ, n). By Remark 2.2, the algebraic dimension of X equals 1 if and only if one has λ = 0 and α k = β r for some positive integers k and r. Otherwise, the algebraic dimension of X equals 0.
Choose a positive integer l, a primitive l-th root of unity ζ, and consider the subgroup Θ ⊂ GL 2 (C) generated by the matrix
Then Θ ∼ = Z/lZ acts on the universal cover W of X, and commutes with the group Λ ∼ = Z generated by the transformation (2.1). Thus, we see that Θ acts faithfully on X = W /Λ, so that Aut(X) has unbounded finite subgroups. Now suppose that a(X) = 1. Then λ = 0 and α k = β r for some positive integers k and r. We can choose k and r so that they are coprime. The algebraic reduction φ : X → P 1 is given by the meromorphic function x k /y r on X. In other words, the fibers of φ are images of the subsets
The subsets Z [µ:ν] are obviously invariant with respect to the action of Λ. Consider the action of the multiplicative group C * on W defined by
This action commutes with the group Λ, and descends to an action of the group C * /Λ on X, whereΛ is a subgroup of C * generated by all r-th roots of α (or, which is the same, by all k-th roots of β). Then C * /Λ is isomorphic to a quotient C/Z of the group C * by a subgroup generated by some r-th root of α, which in turn is isomorphic to the group of points of an elliptic curve. It remains to notice that this action is fiberwise with respect to φ, so that Aut(X) φ contains the group of points of an elliptic curve, and in particular has unbounded finite subgroups.
Finally, choose a positive integer l and a primitive l-th root of unity ζ. Consider the cyclic subgroup Θ P 1 ⊂ GL 2 (C) generated by the matrix (2.6)
Then Θ P 1 acts on W and commutes with the group Λ. Thus, the action of Θ P 1 on W descends to its action on X, and one can easily see that the latter action is faithful. Therefore, the group ∆ has unbounded finite subgroups.
For the following fact about fundamental groups of certain Hopf surfaces we refer the reader to [Kat75, p. 231].
Lemma 2.7. Let X = X(α, β, λ, n) be a primary Hopf surface, and let G be a finite group acting freely on X. Let Y = X/G, so that Y is a secondary Hopf surface. Suppose that π 1 (Y ) ⊂ GL 2 (C). Then n 2 and λ = 0. Furthermore, there is an isomorphism π 1 (Y ) ∼ = Λ × G, one has G ∼ = Z/mZ, and the action of a generator of G on W is given by the matrix
where ξ is some primitive m-th root of unity.
While elliptic primary Hopf surfaces do not have degenerate fibers, elliptic secondary Hopf surfaces may have multiple fibers. Those with at most two multiple fibers allow an explicit description.
Lemma 2.8. Let Y be a secondary Hopf surface of algebraic dimension 1, and let φ : Y → P 1 be its algebraic reduction. Suppose that φ has at most two multiple fibers. Then Y ∼ = W /Γ, where Γ is generated by the transformation We will need one elementary observation from linear algebra.
Lemma 2.9. Let α and β be complex numbers with 0 < |α|, |β| < 1, and let
Then the normalizer Norm GL 2 (C) (M) of the cyclic group generated by the matrix M in GL 2 (C) coincides with its centralizer. Furthermore, Norm GL 2 (C) (M) consists of all diagonal matrices in GL 2 (C) if α = β, and
Proof. The only thing that has to be checked is that in the case α = β the centralizer of M coincides with Norm GL 2 (C) (M). To see this suppose that there is some matrix R ∈ Norm GL 2 (C) (M) that does not commute with M. Then
Now we prove unboundedness results for secondary Hopf surfaces.
Lemma 2.10. Let Y be a secondary Hopf surface. Then the group Aut(Y ) has unbounded finite subgroups. Suppose that Y has algebraic dimension 1, and φ : Y → P 1 is its algebraic reduction. Then in the notation of (1.1) the group Aut(Y ) φ contains the group of points of an elliptic curve, and in particular has unbounded finite subgroups. Furthermore, the group ∆ is finite if and only if φ has at least three multiple fibers; otherwise ∆ has unbounded finite subgroups.
Proof. There exists a primary Hopf surface X = X(α, β, λ, n) and a finite group G acting freely on X such that Y = X/G. Note that a(X) = a(Y ), so that X is an elliptic surface if and only if Y is, cf. Remark 2.2. As before, W is the universal cover of X and Y , so that X = W /Λ, where the generator of the group Λ ∼ = Z acts on W by the transformation (2.1). In what follows we will use the notation of the proof of Lemma 2.3. Choose a positive integer l.
Suppose that π 1 (Y ) ⊂ GL 2 (C). Then the group Γ is described by Lemma 2.7. We see that the action of the group Θ ∼ = Z/lZ generated by the matrix A from (2.4) commutes with the action of π 1 (Y ). Furthermore, if l is coprime to m, then the action of Θ on W descends to its faithful action on Y . Thus, the group Aut(Y ) has unbounded finite subgroups in this case.
Suppose that π 1 (Y ) ⊂ GL 2 (C). Choose a primitive l-th root of unity ζ, and consider the subgroup Θ ⊂ GL 2 (C) generated by the matrix (2.11) ζ 0 0 ζ .
Then Θ ∼ = Z/lZ acts on W and commutes with the group π 1 (Y ). Thus, we see that Θ acts on Y = W /π 1 (Y ). This action may be not faithful, but the order of its kernel is at most |G|. So the group Aut(Y ) has unbounded finite subgroups in this case as well. Now suppose that a(Y ) = 1. Then a(X) = 1, so that λ = 0 and α k = β r for some coprime positive integers k and r. In particular, we have π 1 (Y ) ⊂ GL 2 (C) by Lemma 2.7. Consider the matrix
Note that π 1 (Y ) is contained in the normalizer Norm GL 2 (C) (M). Recall from Lemma 2.9 that the group Norm GL 2 (C) (M) consists of diagonal matrices if α = β, and coincides with GL 2 (C) otherwise. In both cases we see that the action (2.5) of the group C * on W commutes with π 1 (Y ). As in the proof of Lemma 2.3, such an action is fiberwise with respect to φ. This implies that Aut(Y ) φ contains the group of points of some elliptic curve, and thus has unbounded finite subgroups.
Finally, observe that if φ has at least three multiple fibers, then the group ∆ is obviously finite. On the other hand, if φ has at most two multiple fibers, then Y can be constructed as in Lemma 2.8. Thus one can easily choose a finite subgroup of the group of scalar matrices acting on W whose image in ∆ has arbitrarily large order.
Remark 2.12. In the notation of Lemma 2.10, suppose that a(Y ) = 1. Then the scalar matrix (2.11) also commutes with π 1 (Y ), and its image in Aut(Y ) is not contained in the subgroup Aut(Y ) φ unless α = β. So, if the latter condition does not hold, we conclude that the group ∆ has unbounded finite subgroups (and in particular φ has less than three multiple fibers).
Kodaira surfaces
In this section we study automorphism groups of Kodaira surfaces. Recall (see e.g. [BHPVdV04, § V.5]) that a Kodaira surface is a compact complex surface of Kodaira dimension 0 with odd first Betti number. There are two types of Kodaira surfaces: primary and secondary ones. A primary Kodaira surface is a minimal compact complex surface with the trivial canonical class and first Betti number equal to 3, see [Kod64, §6] . A secondary Kodaira surface is a quotient of a primary Kodaira surface by a free action of a finite cyclic group, see [BHPVdV04, § V.5]. The algebraic dimension of primary and secondary Kodaira surfaces is always equal to 1. The image of the algebraic reduction of a primary Kodaira surface is an elliptic curve, while for a secondary Kodaira surface it is P 1 , see [BHPVdV04, § VI.1]. Let X be a primary Kodaira surface. The universal cover of X is isomorphic to C 2 , and the fundamental group Γ = π 1 (X) has the following presentation:
where r is a positive integer, see [Kod64, §6] .
According to [Kod64, , the surface X can be obtained as a quotient of C 2 by the group Γ whose action is defined by (3.1)
whereā 1 a 2 −ā 2 a 1 = rb 3 = 0, and the complex numbers b 3 and b 4 are linearly independent over R. The algebraic reduction φ : X → C corresponds to the projection of C 2 on the z-coordinate.
We start with a straightforward observation concerning automorphisms of primary Kodaira surfaces.
Lemma 3.2 (cf. [Bor84, Remark 2]). Let X be a primary Kodaira surface, and let φ : X → C be its algebraic reduction. Then in the notation of (1.1) the group Aut(X) φ contains the group of points of an elliptic curve. In particular, Aut(X) φ , and thus also Aut(X), has unbounded finite subgroups.
Proof. Let Γ = π 1 (X). The action of Γ on the universal cover C 2 of X is given by formulas (3.1).
Consider the action of the additive group C on C 2 given by
This action commutes with Γ, and thus descends to a faithful action of the group of points of the elliptic curve C/Λ on X, where Λ is a lattice generated by b 3 and b 4 . It remains to notice that the latter action is fiberwise with respect to φ.
Any automorphism g of a primary Kodaira surface X gives an automorphismḡ of the base of the algebraic reduction φ : X → C. Since C is an elliptic curve, one has H 0 (C, T C ) ∼ = C, andḡ * acts on H 0 (C, T C ) as a multiplication by some complex number α(g) with |α(g)| = 1. The following is a particular case of [FN05, Proposition 6.4] (see also [FN05, Lemma 6 .1]).
Lemma 3.4. Let X be a primary Kodaira surface, and let C be the base of its algebraic reduction. Let g be an automorphism of X such that the corresponding automorphism of H 0 (C, T C ) is the multiplication by α ∈ C * . Then g is induced from the automorphism of the universal cover C 2 of X of the form
where β is some complex number such that β = 0 if α = 1, and F (z) is some holomorphic function.
Corollary 3.6. Let X be a primary Kodaira surface, and let φ : X → C be its algebraic reduction. Let g be an automorphism of X that acts by a translation on C. Then g is fiberwise with respect to φ (so that the action of g on C is trivial).
Proof. In the notation of Lemma 3.4, one has α = 1. Therefore, we see from (3.5) that the action of g is fiberwise with respect to φ.
Corollary 3.7. Let X be a primary Kodaira surface, and let φ : X → C be its algebraic reduction. Then in the notation of (1.1) the group ∆ is finite.
Proof. It follows from Corollary 3.6 that ∆ does not contain elements that act by translations on C.
Now we deal with secondary Kodaira surfaces.
Lemma 3.8. Let Y be a secondary Kodaira surface, and let φ : Y → P 1 be its algebraic reduction. Then in the notation of (1.1) the group Aut(Y ) φ contains the group of points of an elliptic curve (so that in particular Aut(Y ) φ and Aut(Y ) have unbounded finite subgroups). On the other hand, the group ∆ is finite.
Proof. There exists a primary Kodaira surface X such that Y is a quotient of X by a finite cyclic group G. By Lemma 3.4, the action of a generator of G is induced by an automorphism of the universal cover C 2 of X (and Y ) of the form (3.5). The latter transformation commutes with the action of the additive group C on C 2 given by (3.3). Similarly to the proof of Lemma 3.2, this gives an action of the group of points of an elliptic curve on Y that is fiberwise with respect to φ.
To prove that the group ∆ is finite it is enough to notice that φ has at least 3 multiple fibers (see for 
K3 surfaces, complex tori, and bielliptic surfaces
In this section we consider automorphism groups of complex K3 surfaces, complex tori, and bielliptic surfaces. Recall that the image of the algebraic reduction of a complex K3 surface (as well as the image of any other elliptic fibration on a K3 surface) is P 1 . The following assertion is well-known to experts. We provide its proof for the reader's convenience.
Lemma 4.1. Let X be a complex K3 surface, and let φ : X → P 1 be an elliptic fibration. Then φ has at least three singular fibers.
Proof. Let F 1 , . . . , F k be all singular fibers of φ. Denote by n i the number of irreducible components of F i . One can see from the classification of degenerate fibers of elliptic fibrations (see [BHPVdV04, § V.7] ) that χ top (F i ) n i + 1. This gives
Now for every i choose C i to be one of the irreducible components of F i , and consider the lattice Λ in Pic(X) generated by all the irreducible components of all singular fibers F i except for the curves C i , 1 i k. Then the rank of Λ equals (n i − 1), and the intersection form is negative-definite on Λ. On the other hand, the signature of the intersection form on the lattice H 2 (X, Z) is (3, 19), see e.g. [BHPVdV04, Chapter VIII]. This gives 19
Combining the latter inequality with (4.2), we obtain 2k 5, so that k 3.
Corollary 4.3. Let X be a complex K3 surface, and let φ : X → P 1 be an elliptic fibration. Let Γ ⊂ Aut(X) be a group such that φ is Γ-equivariant. Let Γ φ ⊂ Γ be the subgroup of all transformations that are fiberwise with respect to φ, and let ∆ = Γ/Γ φ . Then the group ∆ is finite.
Proof. The assertion for the group Γ φ follows from the fact that the whole group Aut(X) has bounded finite subgroups, see e.g. [PS17, Lemma 8.8]. Furthermore, by Lemma 4.1 the fibration φ has at least three singular fibers, so that there is a finite ∆-invariant subset of P 1 of cardinality at least three. The latter is impossible for an infinite group ∆.
Remark 4.4. Let X be a non-projective complex torus of positive algebraic dimension, and let φ : X → C be its algebraic reduction. Then C is a complex torus as well. Fix a point O ∈ C, and a pointÔ ∈ X such that φ(Ô) = O. Then φ can be thought of as the quotient morphism of X by some complex subtorus E ⊂ X. Let us use the notation of (1.1). Since the group of points of E is contained in Aut(X) φ , we see that Aut(X) φ has unbounded finite subgroups. Furthermore, since φ induces a surjective homomorphism on the groups of torsion points of X and C, we see that the group ∆ has unbounded finite subgroups as well.
We will need the following well known fact concerning elliptic curves.
Lemma 4.5. Let C be an elliptic curve, and G ⊂ Aut(C) be a non-trivial finite group. Suppose that the action of G on C is not free. Then the normalizer of G in Aut(C) is finite.
Proof. This follows from the existence of the exact sequence
where C is identified with the group of its points acting by translations on C, and n 6. Now we pass to the case of bielliptic surfaces. Note that such a surface is always projective. However, its Albanese map provides a natural structure of an elliptic fibration over an elliptic curve.
Lemma 4.6. Let X be a bielliptic surface, and φ : X → C be its Albanese fibration. Then the group Aut(X) has unbounded finite subgroups. Furthermore, in the notation of (1.1) the group Aut(X) φ is finite, while the group ∆ contains the group of points of an elliptic curve (and in particular has unbounded finite subgroups).
Proof. One can construct X as a quotient E × F/G, where E and F are elliptic curves, and G is a finite group acting faithfully on E by translations and acting faithfully on F not only by translations, see for instance [BHPVdV04, § V.5].
Since the group of points of E acting on E × F commutes with G, there is a homomorphism (with a finite kernel) from this group to Aut(X). In particular, the group Aut(X) has unbounded finite subgroups. Furthermore, one has C ∼ = E/G, and the following diagram is commutative and E-equivariant:
/ / C In particular, the group ∆ contains the group of points of the elliptic curve C, and thus has unbounded finite subgroups.
Consider the subgroup Aut(X) φ ⊂ Aut(E × F ) defined by the exact sequence 1 → G → Aut(X) φ → Aut(X) φ → 1.
By construction, the group G is a normal subgroup in Aut(X) φ . Thus it follows from [BM90, Lemma 2.1] that Aut(X) φ ⊂ Aut(E) × Aut(F ) ⊂ Aut(E × F ), and hence the projection E × F → F is Aut(X) φ -equivariant. The image Aut(X) φ of Aut(X) φ in Aut(F ) normalizes the group G ⊂ Aut(F ), hence Aut(X) φ is finite by Lemma 4.5. On the other hand, the kernel R of the homomorphism Aut(X) φ → Aut(X) φ has order at most |G|, because the image of R in Aut(X) φ is trivial. This means that the group Aut(X) φ and thus also its quotient Aut(X) φ is finite. 
